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Abstract. We introduce a new stochastic heat equation with a colored-white fractional noise,
which behaves as a Wiener process in the spatial variable and as mixed sub-fractional
Brownian motion in time. A necessary and sufficient condition for the existence of its solution
is reported. We also analyze regularity properties of this equation, with respect to the temporal
and spatial variables, respectively. Some fractal dimensions of the graphs and ranges of the
associated sample paths are determined.
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1. Introduction

Recently, stochastic heat equations driven by different kinds of noise have widely been
studied, and a lot of interesting results have been obtained (see, for instance, [2], [10], [12],
[15]). Especially in [10], the author studied the solutions to the stochastic heat equations with
fractional-white noise; that is with additive Gaussian noise that behaves as a Brownian motion
with respect to the spatial variable and as fractional Brownian motion with respect to the
temporal variable. These kinds of equations can be used to model a variety of physical
phenomena which are subject to random perturbations. In these models, the noise is added to
the partial differential equation to recover the chaotic nature of the process in question.
However, there are no strict rules which decide the choice of the noise term, and the choice of
a reasonable stochastic process really depends on the equation of motion in question, and on its
physical meaning as far as possible.

In this paper, we will introduce a stochastic heat equation with a new noise, which behaves
as a Wiener process in the spatial variable and as mixed-sub-fractional Brownian motion in
time. That is why we will call this equation Mixed-Sub-Fractional-White Heat Equation. The
concept of mixed sub-fractional Brownian motion was introduced and investigated in [18] and
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[3]. It is a linear combination of a finite number of sub-fractional Brownian motions. So it is,
in fact, an extension of both the sub-fractional Brownian motion and the Brownian motion; and
this is an advantage of this process. It preserves many properties of the well known mixed
fractional Brownian motion (see e.g. [4], [20]) but not the stationarity of the increments. It has
been proven in [18] that the mixed sub-fractional Brownian motion could serve to get a good
model of certain phenomena, taking not only the sign (as in the case of the fractional Brownian
motion and the sub-fractional Brownian motion), but also the strength of dependence between
the increments of the phenomena into account; and this is another reason making the
Mixed-Sub-Fractional-White Heat Equation interesting to be investigated. For more
information about the mixed sub-fractional Brownian motion see [18], [19] and [3]. A main
purpose of this paper is to study some fine properties of the solution to the
Mixed-Sub-Fractional-White Heat Equation. More precisely we will give a necessary and
sufficient condition for the existence of its solution. Then we will analyze its regularity
properties, with respect to the temporal and to the spatial variables. Given the importance of
the fractal dimensions of subsets of R“ for their geometrical complexities, we will also
investigate the Hausdorff and Packing dimensions of the graphs and the ranges of the
pertaining solution sample paths.

The rest of this paper is organized as follows. In Section 2, we will state some necessary
definitions and some important properties of the mixed-sub fractional Brownian motion, and
we will present some new characteristics of this process, useful for this study.

In section 3, we introduce our new mixed-sub-fractional Gaussian noise and define the
Wiener integral with respect to it. Then, we will introduce the Mixed-Sub-Fractional-White
Heat Equation, and investigate the existence and mixed-self similarity property of its solution.
The last section will be devoted to the study of the regularity of the solution to this equation, in
time then in space, and to the investigation of the Hausdorff and Packing dimensions of the
graphs and the ranges of the solution sample paths.

2. Mixed Sub-Fractional Brownian Motion

The sub-fractional Brownian motion (sfBm) is an extension of a Brownian motion, which
was investigated in many papers (e.g. [11], [13]). It is a stochastic process &7 = {&; ¢ > o},
defined on a probability space (Q, F,IP) by
VieR, &= BleBY M

+3 t \/7 1
where H € (0,1), and {B”(¢),t € R} is a fractional Brownian motion (fBm) on the whole real
line; i.e. B/ is a continuous and centered Gaussian process with the covariance function

Cov(BH(£),BH(s)) = 1/2 (] t |27 +| s |2 —| t—s |?1). (2)
The index H is the Hurst parameter of B”. The sfBm arises from occupation time fluctuations
of branching particle systems with a Poisson initial condition [11].

For N € N\ {0}, H = (H1,H>,..,Hy) € (0,1)Y & a = (a1,az,..,ay) € RV \ {(0,..,0)},
the mixed sub-fractional Brownian motion (msfBm), of parameters N, a and H, is the process
S = {SH(N,a); t > 0} = {S¥; t > 0}, defined on the probability space (Q, F,IP) by
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N
Vie R, SI(N,a) =) aié(), ®3)
i=1

where (5"7’1')1.6{l YYYYY N is a family of independent sub-fractional Brownian motions of Hurst
parameters H; defined on (Q, F,P).
If N=1,and a; =1, S” =& is a sub-fractional Brownian motion, and if N = 1,
Hi =12 and a; = 1, S is a standard Brownian motion. So, the msfBm is more general, and
mainly for that reason, (see [18]), this process is interesting to be investigated.
The msfBm has been introduced by EI-Nouty and Zili in [3], in the particular case where
N=2and H; = % Then, it has been generalized and further investigated by Zili in [18]. In
the following lemma, we state some properties of this process, which will be useful in this

paper. For proofs of these properties and for more information on this process, the reader can
see [18].

Lemma 2.1. The msfBm satisfies the following properties:

1. S is a centered Gaussian process.
2. Vs € R,, Vit € Ry,
Ra.u(t,s) = Cov(S¥(a),S(a))

N

= Y a2 1[(s+ )P+ | t—s |2 ]} (4)
i-1

3. (Mixed-self-similarity property*) For any h >0, the processes {Si(a)} and

{SH(arh™s,azh™2, ... ,ayh"™)} have the same law.

Let us further investigate this process, to enable a study the heat equation driven by it.

_ 1 .
Remark 2.1. If H; = - for every non-zero parameter a; and i € {1,...,N}, the processes

SH(a) and /Zzla,? B, have the same law, where B denotes the standard Brownian motion. In

this case, the associated heat equation had earlier been investigated in many works (e.g. [10]).
That is why, in this paper, we will be interested only on the case when

for all i € {1,...,N} such that a; + 0,we have H; > 112, (5)

and

we have at least i € {1,...,N} such that a; + 0 and H; > 1/2. (6)
Moreover, some of our results will be true only under the condition:

for all i € {1,...,N} such that a; + 0,we have H; > 1/2. (7)

And in all the sequel of this paper we will denote

H; = mln{H,,ze {1,,N}, H; > 12 and (liiO}. (8)

Furthermore, the following lemma gives a moving average representation of the msfBm.

Lemma 2.2. If condition (7) holds, then for every t,

*The notion of Mixed-self-similarity property was first introduced in 2006 by Zili [20].
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N
H( ) — COHNH — L ’[ AN Hf—%J .
Si(a) = ;alcwl)(m D ]| @=-9" s @™ Jdudmis) (9)
where W; ;i € {1,...,N} are independent Brownian measures on R, and
@ 1 _1N\?2 2
ct) = (2] (@it =5 ) as+ ) . (10)

Proof. By the independence of the processes &p.; i € {1,...,N} and by the moving average
representation of the sfBm given in [11] we get
N

sia) = 3 ca | R[(t—s)fi% F (et 9T gt ]dW,-(s), (11)
i-1

where W, ; i € {1,...,N} are independent Brownian measures on R, and C(H;) is defined by
(10). Then we eaSIIy check that

(-7 4 (049" 29T = - 1) j;[(u R S :|du, (12)
forevery H; (7, 1) and (¢,s) € R2. Finally, from (11) and (12) we deduce trivially equation
9). |

The following proposition will play a very important role in all the rest of this paper.

Proposition 2.1. If Conditions(5) and (6) are satisfied then, there exist two positive constants
C1 and C, such that,

2
|2Hi0—2 < 0 Ra,H(u;V) < C

Colu-v Ooudv

2 | u—v |02 (13)
for every u,v € [0,T].

Proof. By Equation (4) we easily get

2 N
0 I;Zg(ts,t) _ Zal'zHi(ZHi D[] t—s |22~ (t+5)2H2], (14)

i=1
Hence, a simple calculation allows us to arrive at equation (13) with
N

C1 = aiH;,(2H;, —1) and Cz = ZZal-zHi(2Hi — 1) T?Hi~Hig)
i-1

3. The Heat Equation Driven by Mixed-Sub-Fractional Noise

The aim of this paper is to study the stochastic partial differential equation

Ol o p

o = %Aua,H+ Wa,H, t e [O,T]’ x e Rd,

(15)
ua,H(.,O) =0

where W,y = {W.u(t,A);t € [0,T],4 € By(R9)} is a centered random noise with covariance
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given by:

EW o u(t,A)W,u(s,B)) = Ranu(t,s)A(4 N B), (16)
where A is the Lebesgue measure, and R, 4 is the covariance defined by (4). We will call this
noise mixed-sub-fractional-white because it behaves as a msfBm in time and as a Wiener
process (white) in space. The stochastic partial differential equation (15) will be called
mixed-sub-fractional heat equation.

The canonical Hilbert space associated to the noise W,y is defined as follows. First,
consider £ to be the set of linear combinations of elementary functions 1y x 4, ¢ € [0, 7],
A € By(RY), and H, x be the Hilbert space defined as the closure of £ with respect to the inner
product
< 1[0'1«] XA’l[O,s] xB >y =EBW,ult,A)W,u(s,B)).

We have for g,h € H, n, Smooth enough

T T
<gh>n, = [ [ dudy| dy@Resttn) Ch Rostoh) o3, upny, . (17)
0“0 R

By a routine extension of the constructlon described, in an example in [10] and [15], it is
possible to define Wiener integrals with respect to the process W, . This Wiener integral will
act as an isometry between the Hilbert space H,  and L?(Q2) defined by

B[ o Wantdudn) [ [y Wantdudy)

T T
= [ ] Hantdudv) [ dvoGu.)y(v.y), (18)
for any function ¢, y such that
T T
[ ] a0t man 1 @[ dv | oy | | oy <,
0“0 R
and
T T
[ ] a1 manl @[ a1 w@y) | 1y I<ox,
0o } R
where p, 1 1S the measure
dgn(u,v) = %Ra (u,v)dudyv, (19)

and |u, | denotes the total variation measure associated to p, x.
The following transfer formula will be needed in the sequel.

Proposition 3.1. If Condition (7) holds, for every g € HaH then
j j (s, ))dWH(s,y) = Za C(H,)(H; — 112)

<[] ten@g@] @-9"7 + @™ :|du AWi(s,), (20)

where Wi, fori € {1,...,N}, are independent space-time white noises with covariance
EW(s,A)Wi(t,B)) = ({As)A(A4NB),
and

C(H)) - [z [ :((1+S)Hf—— s ) ds + 4 } . 1)

N

Proof. This proposition is a straightforward consequence of the moving average expression for
the msfBm (11). |
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Next let us define the mild solution of the sub-mixed heat equation (15).

Definition 3.1. If we denote by {u,x(¢,x);t € [0,T],x € R?}, the process defined by
t
wan(t) = [ [ G=vix =) Wandv.dv), (22)

where the above integral is a Wiener integral with respect to the noise W, and G is the Green
kernel of the heat equation given by

2
(2t)‘d’2exp(%) , if t>0,xeR?

G(t,x) =
0, if t<0,x e R, (23)

then the process u, 4 is called the mild solution of the stochastic heat equation (15).

In the following proposition, we will give a necessary and sufficient condition for existence
of the mixed-sub-fractional heat equation mild solution.

Proposition 3.2. If Conditions(5) and (6) are satisfied, then the solution to the
mixed-sub-fractional heat equation (15) exists if and only if d < 4H;,.

Proof. By (18) arld (22),
t

BE(u?,(1,x)) = Io Io Wan(du,dv) IRd dy G(x — y,t,u)G(x — y,1,v). (24)
So it follows from (19) and Proposition 2.1 that
Cul(t,x) < B(u? y(t,x)) < Cal(1,%), (25)
where
t t
I(t,x) = J. j‘ dudv | u—v |2 J. ) dyG(x — y, t,u)G(x — y,t,v). (26)
0v0 R
Using (23) and making a suitable change of va}riables, we obtain
dl2
[ v Ge=rtwG—yin = (3555 ) (27)

Hence, from (25), (26) and (27), we deduce that the solution to the mixed-sub-fractional heat
equation (15) exists if and only if

t
[ dudv | v 12752 @t —u—v) 2 < o (28)
0Y0
And we easily check that (28) is true if and only if d < 4H,,. |

Throughout the rest of this paper, we shall assume that
d < 4H,,, (29)
and in the following proposition we will give an explicit expression for the covariance of the
mild solution.

Proposition 3.3. If Condition (7) holds, then for fixed x € RY, and for s < t,

N
E(uanu(t,x)uqn(s,x)) = (%)dm Z a?H;(1 - 2H))
i-1
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t N

X I I dudv[(u+v)22 —| y—vy |22 (t+5s—u—v)t. (30)
0J0

Proof. This result follows from (14), (18), (27) and some simple calculus. H

The next proposition deals with the mixed-self-similarity of the solution sample paths.

Proposition 3.4. If Condition (7) holds, then the process uqm:t— ug,pu(t,x) is
mixed-self-similar of order H — %. That is, for every h > 0, the processes (uqn(ht,x))er, and
(u it H(t,x)),e]& have the same law, where

4 4 _d
ah'™% = (a1h™™ % ... ayh'™ 7).

Proof. For fixed & > 0, the processes (u,q(ht,x))r, and (u it H(z,x)),eR+ are Gaussian and
centered. Moreover, by proposition 3.4,

N
Euan(ht, uan(hs,x) = (Z)" 3 a?H,(1 - 2H))

i=1

ht ohs d
xj j dudv[(u+v)2H2 —| u—v |22 J(ht+ hs — (u+v)) 2. (31)
0“0
So, by the change of variables u' = % V= % in the integral dudv we directly get
Bttt h,)) = B g G0 g (513 ).
This immediately implies proposition 3.4. |

4. Regularity and Fractal Properties

4.1. Study of the regularity of the solution in time

In this paragraph our attention will focus on the behavior of the increments of the solution
uqn(t,x) to (15) with respect to the variable . We will give sharp upper and lower bounds for
the L2-norm of these increments. First, let us state the following technical lemma.

Lemma 4.1. For every y € (i,l), there exist two positive constants c1(d,y) and c2(d,y),
depending only on d and y, such that, for every s,t € [0,T),

t pt
1. j JA'dudv | u—v |27—2(2f—u—v)‘d/2= ci(dy) | t—s |2y—d/2_
2. J'SJ'sdvdu | u—v |2V 2 [t —u—v) —2(t+5—u—v)d?
0v0

+2s—u-v) ) < co(dyy) | t—s |2

Proof. The proofs of both assertions invoke in their first stage the change of variables

u'=t—u,v' =s—vandthenu' = tf‘s V= tl’s . For the second assertion, we use also the

fact that the integral
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Jm deudv | u—v |72 [Q+u+v) ™ —Q+u+v) "+ (u+v) ]
0Jo
is finite. H

The main result in this paragraph is the following proposition.

Proposition 4.1. If conditions (5) and (6) are satisfied, then there exist two positive constants
Cs and Cy4 such that, for any s,t € [0, T] and for any x € R,

_d o _d
Cslt — s|2H’° 2 < Elugnu(t,x) - ua,H(S,x)|2 < Cylt - s|2H’° 2.
Proof. We have
Elua,H(tyx) - Ma,H(S,X)lz = Ru,a,H(t; t) - 2Ru,a,H(ta S) + Ru,a,H(S;S),

where R, . denotes the covariance of the process u,; with respect to the time variable for
fixed x € R, i.e.

Ruar(t,s) = BE(uau(t,x)uqn(s,x))

_( )dlzjj aRt,H(MV)(HS_M_V)_d/z

for every s,t € [0, T]. So,
Bltta (6, — tan(s,x)[2 = ( )d/ZJ‘ j dudy S Ran®,V) 0 RaH(u V) (2t — 1 — v)~2

_2< )dlzj I dudv GR“H(uV)(t+S—u—V)’d’2

( )d/ZJ‘ J‘ ddva RaH(uV) (25 — 1 — v) 2

which can also be written as
Elua,H(tvx) - ”a,H(va)lz = Aa,H(tvS) + Ba,H(t1S) + Ca,H(t1S)a
where

Auntys) = (Z )””zj j dudy aRﬂH(”V) O RanWV) 5y y-a,

Buntts) = (5)" [ [ au dy & Resttt) Rosttny [(Zt—u—v)“”z

—2(t+s—u—v) d’2+(25 —v)~2],
and

Can(ts) = 2( )dlzj _[ du alva RH”(u V) [(2t —u—v)™2 —2(t+5 —u—v) 2],

Since, C,u(t,s) < 0and since
2
R VCAI

| 2H,'0—2
ouov - '

Co | u—v
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Eluau(t,x) - ua‘H(s,x)|2

t t K N
< d d _ ZHI' -2 2t_ _ —d/2+ d d _ ZHi -2
_c|iLLuv|u v | “io™e (2t —u—v) IOIOMV|uV 0

x (@t —u—v) 2 —2(t+5—u—v) 2+ (25 —u—v)?)], (32)

where ¢ denotes a positive constant. Consequently, by (29), (32) and lemma 4.1 we get the
upper bound.
We now prove the lower bound. The mild solution is expressible as

t
wan(t) = [ [ G=vix =) Wandv.dv), (33)
So, for every x € R? and (s,7) € [0, T]?,

u(t,x) — u(s,x)

= 1] 16=0.5-»160(0) = G5 ~ 0,5~ N10(©)] dWan(o,y). (34)
By the transfer formula (20) we get:
N
it (t.2) = tara(s.2) = D Dilan) [ dWi(o.0)F (o) (35)
i=1

where, for every i € {1,...,N},
Di(ai,H;) = C(H;)(H; — 1/2)
and

Fi(o,y) = |:J.R duG(t —u,x —y)10nw)Ti(u,0) — IR duG(s — u,x — y)1 0, (u)Ti(u, G):|
with
H -3 H-2
Ti(u,0) = (u—0)+ °+@Ww+o)- 2.

Equation (35) and the independence of the 7;’s allow us to write

N 2
Btan(t3) ~ tain(5,0)* = D DHanH)E([ [ dWitonFiton) )
i-1

= D?O(a,-,Hio) E(IR de dWio(ny)Fio(G’y))z

+ [éon(ai,H[) E(jR .. dWi(G,y)F[(G’y))Z
> D3 B([ [ amienFuen) (36)

where the last inequality is due to the fact that

zN: piam)E([ [ aWV,(a,y)F,-(o,y))2 >0,

i=1;i#ig

Moreover, by isometry of the Wiener process W we get
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2
([ [ ami@nFaen) = [ [ dedrio
t
> [ | dodyFi (o). 37)
Since,
Ti,(o,u) = (u—0)10321 o0 + (—u — 0)0321,,
we have
t s
Fi,(o,y) = I duG(t —u,x —y)Ti,(u,0) — _[0 duG(s —u,x —y)Ti,(u,0)
0
- r duG(t —u,x - y)(u — 0)"0™32,
for every o € [s,1]. Hence,
2
B([ [ amutenFuen)
[ ! o _ \Hi 312 38
= dody| | duG(t—u,x —y)(u— o) : (38)
s Y R4 o
So, for every, s,t € [0,T]; s < t,
2
B([ ] dWuonFi.n)
t t t
= L do de dy IG IU dvduG(t — u,x — y)(u — o)0=32
(39)

x G(t=v,x =) (v —0)a32,
t t
= I duj a’vI dyG(t —u,x —y)G({t —v,x —y)
s s R4

unv H; -3/2 H; -3I2
[ u-o) o)l
S

where in the last equality we have used the fact that

do,

<o<t,osust,osvit)=o@E=u<t,s<v<t, s<o<uAv).

Equations (39) and (27) imply that

E(JR de AWio(01))Es (G’y)> - <%>d/2 jt du _[t dv(2t — u — v)~2
. J-u/\v(u ~ 6)1:11-0—3/2 Ho 32, @)

(V - 0)+
By the change of variable z = ZCX :g and by some simple calculus we get
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u/Av
J' (1 — 0) 0 ¥2(y — ) 2o ds
S

u/\v —o

=] u—v |02 I VT — z) 2o P Hig=312 7 (41)
S

Then, by (40) and (41),
B [ amuonFuon) = (Z)" [ du|'dveer—u—vy

uA\v —o

x| u—y |22 [ (g gyt 2z SRy (42)
0
Now, by the change of variables u —s = «’ and v —s = v' we obtain:

u/A\v

x | u—v |?HMo? J‘ W (1~ 7)L2Hig g Hig 32 .
0
Finally, by the change of variables ii = - and ¥ = —X— , it follows that
2
E(jR j » dWi,(c,y)Fiy(o, y)) = D(d, H:,)(t — 5)2Hio=d12, w

where D(d, H;,) is the constant defined by

uAv

1 1 UAV
D(,Hy) = ¢ [ du[ dv2—u=v) 2 [ u—y |22 [ (1= 2tz oSt

Since H,, > +, the constant D(d, H,,) is clearly finite. . H

Remark 4.1. Proposition 4.1 tells us that the process (u,x(.,x)) is an infinite dimensional
quasi-helix (in the sense of Kahane [7]) of index ]=Hl~0—%. Various properties of
quasi-helices are known and again we refer to [7] for more detailed information.

In particular, as an immediate consequence of proposition 4.1, the following results hold.

Corollary 4.1. If conditions (5) and (6) are satisfied, then for any x € RY the process
t > uqn(t,x) is Holder continuous of order 6 € (0,H;, — %).

As a second consequence of proposition 4.1, by proceeding as in the proof of Proposition
3.2 in [6], we arrive at the next result.

Corollary 4.2. If conditions (5) and (6) are satisfied, then for any x € R¢,
Z’la,H(l‘v )C) - ua,H(toi x)
t—t,

lim sup = 400,
€0 se[19—€,10+€]
with probability one for every to. And consequently, the trajectories of the process uqp(.,x)

are not differentiable.
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4.2. Sharp regularity of the solution in space

In the spirit of [14], in this section we fix # > 0 and analyze the space regularity of the
solution {u, x(t,x),x € R?:. We will first prove the following lemma.

Lemma 4.2. If conditions (5) and (6) are satisfied, then the Gaussian random field
{uan(t,x),x € R is stationary with the spectral measure

A(dé) = (2m)™ Z a’H;(2H; — 1) J.; I; dudv[(u +v)22 4| y—vy |2H2 ]

i=1

x| e ) g2 e
]Rd

Proof. By the Fourier transform of the Green kernel and Parseval’s identity we get

E(uan(t,X)uan(t,y)) = J.; J.; dudv MI dzG(x — z,t,u)G(y — z,t,v)

_ (2n)—dj’j iy O Restwv) , dz exp(- G 12 Yexp(i < x,é >)
0J0 ouov

——— | &2 )exp(-i < y,&>)

= de exp(i < x—y,&>)

[ O°Runt,v) et 4=y )
><|:(27r) jojodudv S, exp( e 12) |de

Euan(t,)utan(t,y)) = j j dudv 2 ’;“é‘i‘ V) j | dzG( ~z,1,u)G(y — 2,1,)

H a RaH
By the expression of —— by we get the result. H

Corollary 4.3. If Conditions(5) and (6) are satisfied, then there exist two positive constants
c1(t,Hi,) and c2(t,H,,), depending only on t and H,,, such that:
c1(t,Hy) | & | ™o de < A(de)) < ca(t,Hiy) | & | ™o de forall ¢ € R with | & |> 1.

Proof. By equation (13), we have
t ot gy —
Cr@my [ [ 1wy |#0 dudvexp(- T | ¢ | )de

< Ad?)
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t pt 1 —
< Co@my [ [ u—v |20 dudvexp(—E | ¢ |2 ),

and by [2] (Proposition 4. 3), there exist two strictly positive constants c1 x, , c2,1,, such that

2w,
e, (20 A1) L
1+[ €]

t t
< [ f dudv | w—v 1202 exp(- L2 | ¢ |2) (45)
0Y0
2H;,
< cz,H,.O(tZHfo/\l)< 1 2) .
1+&|
This allows to see the stated result. [ |

Corollary 4.3 means, among other things, that the spectral measure A(d&) is comparable
with an absolutely continuous measure with density function that is comparable to | ¢ |
for all ¢ € RY with | ¢ |> 1. This is quite interesting for the study of the regularity of
{uq.n(t,x),x € R?. Indeed, as a first consequence of corollary 4.3, we get the following
result.

. d 1 if p=1 .
Theorem 4.1. Let p = min{1,2H;, — 5} and p = . If conditions (5) and
0 otherwise.

(6) are satisfied, then for any M > 0, there exist positive and finite constants c3, ca such that
for any x,y € [-M, M),

28 1 )’ )
co | x=y 1% (Log—=)" < B wan(t) = wan(ty) 12)
<ci|x-y |¥ (Log )" (46)
Proof. Take x,y € [-M,M]¢ and let z := y —x € R9. By Parseval’s identity, we can write
B(| tan(t,y) = uan(t,x) %)
t pt
= I j Wan(du,dv) j &'[Gt-ux+z-y) -Gt —ux—-y")]
0v0 R4
x [Gt—v,x+z-Y) - G{t—v,x—y")]

- (n) I; j; ttari(du, dv) de de F(G(t—ux +2—) — Gt —u,x —))(E)
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xF(G(t-vx+z—-) —G({t-v,x—.))(&)

= (2n)™ J'; I; Wa,r(du,dv) Iw a’gexp(—(Zt— u—v) \§2|2 )(2— 2C0S < &,z >),

where in the last equality we have used2
FG(1,x-)(@) = exp((i < 1 > ~155 )1,0(.¢ € B

Therefore,
E(| wanu(t,x) —uan(ty) 1% ) =2@2n)™ IRd d¢ (1—cos < ¢,z >)0(4,9), (47)
where ,

(' [" ORuu o |§|2)

0(t,¢) = jo e (u,v)dudvexp( @t —u—v)==— ).

By Equation (13),

2

Ci j ; j; | u—v | 2Hio2 dudvexp(—(Zt—u—v) '52' ) < 0t (48)

t ot 2
< Czj j | u—v |?Mo? dudvexp(—(Zt—u—v) \§2| ),
0J0

where C; and C» are two positive constants. Then, following the same lines as those of the
proof of Theorem 4 in [14], we show that there exist two strictly positive constants Cs and Cs
such that
P
Cs | x-y 1% (Log—=)

[x =yl

2
< I (1-cos < &,z >)dé It J.t | u—v |?Mo? dudvexp(—(Zt— u—v) li‘ )
R4 0v0
< Co | x-y |7 (Log——)" (49)
Hence, the result is a straightforward consequence of equations (47), (48) and (49). |

As direct consequence of theorem 4.1 we obtain the next result.

Corollary 4.4. If conditions (5) and (6) are satisfied and 21-]1-0—% > 1, then

{uqan(t,x),x € R has a modification (still denoted by the same notation) such that almost
surely the sample function x — u,y(t,x) is continuously differentiable on R¢. Moreover, for
any M > 0, there exists a positive random variable K with all moments such that for every

j=1,...,d, the partial derivative iua‘H(z‘,x) has the following modulus of continuity on

axj
[—M, md:
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< Ke?Hogt lLog% . (50)

Proof. With equation (13), we can apply exactly the same steps of the proof of Theorem 5 in
[4]. u

sup Ottt x) — %ua,ﬁ(hy)

xye[-MM]%, |x-y|< € 7

By lemma 4.1 and equation (13), and with the results of [17], we obtain the following
result that corresponds to the case where 2/, — 4 < 1.

Lemma 4.3. Suppose that conditions (5) and (6) are satisfied and 2H;, — % < 1. Then, for
every fixed t > 0, the Gaussian field {u,n(t,x),x € R} is strongly locally nondeterministic.
Namely, for every M > O, there exits a constant C7 > 0 (depending on t and M) such that for
everyn > 1 and for every x,y1,...,yn € [-M,M]¢,

Var(ua,H(tsx)l”a,H(tlyl)a Ty ua,H(l‘yJ}n)) Z C7 mln { | X —y/ | AHiO_d },

0<j<n

where yo = 0.

As a consequence of this lemma, and by [ [9], Theorems 4.1 and 5.1 ], we obtain the
following uniform and local moduli of the continuity characteristic.

Corollary 4.5. Suppose that conditions (5) and (6) are satisfied and 2H,;, — % <1l Lett>0
and M > 0 be fixed. Then, if we denote f = 2H;, — %, we have
o Almost surely

max (2, X+H)—u,, (£, X) |

. ~M M), | h|<
lim MM [hi<e = Cs.

€ 50 €f |LogLog(1/e)
e Forxo € R4,

max |u, x(t, x0+h)—ua’ 4t x0) |
m |h|<e

€ 50 €f |LogLog(1/e)

where Cg and Cy are positive constants.

= (o,

Now by lemma 4.3 and according to [8] we get the following Chung’s LIL characteristic.

Corollary 4.6. Suppose that conditions (5) and (6) are satisfied and 2H;, — % < 1. Then, for
every t > 0 and xo € R,

max |u, (¢, xg+h)—u, (1, xq)|
lim L2=<

o €f|LogLog(1l/e)

where C1 is a positive constant.

= Cho,

4.3. Fractal characteristics of the sample paths

For fixed x € R¢, we denote the range of the restriction of the process u, 4(.,x) on [0, 7] by
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ua,H([O!T]!x) = {ua,H(t!x);t € [O,TJ}, (51)
and its graph by
Griruau(.,x) = {(t,uqsu(t,x));t € [0, T]}, (52)

where T > € > 0.

The aim of this paragraph is to study Hausdorff and Packing dimensions of the sets defined
just above. These dimensions have extensively been used in describing thin sets and fractals.
Hence we only recall briefly their definitions. The Hausdorff dimension of a set £ < R? is
defined by

dimyE = inf{a > 0; M*(E) = 0} = sup{a > 0; M*(E) = +oo},

(53)
where, for a >0, M*(E) denotes the o — dimensional Hausdorff measure of E, defined by
M*(E) =lim inf{l E |*EcC UEk; | Ex |< 5}, (54)
6-0 Pt

where | Ej | is the diameter of the set £, and the infinimum is taken over all coverings
(Ex)ken OF E.
The packing dimension of a bounded set F < R¢ is defined by:

dimpF = inf{sup dimgF, : F C UF”} (55)
n n=1
where, dimgF, is the upper box-counting dimension of F, defined by
ZimgF, = lim sup 28NELO) (56)
€-0 —lOg€

and for any € > 0, N(F,,¢) is the smallest number of balls of radius € (in Euclidean metric )
needed to cover F,,.

Among the properties of such dimensions, we recall that for any bounded set F < R¢,
dimpF < dimpF < dimgF < d. (57)
For more information on Hausdorff and Packing dimensions , the reader is referred to [5].

Let us start this study by the set Grfru,u(.,x). Throughout all the rest of this paper, ¢
denotes a generic positive constant that may be different from line to line.

Lemma 4.4. Suppose that conditions (5) and (6) are satisfied. For any T > 0, with probability
l)
dimHGrfrua,H(. ,X) = dimpGrfrua,H(. ,x) =2 _Hio + %

Proof. By corollary 4.1, for any 7> 0 and x € R, u,u(.,x) has a modification whose
sample-paths have a Holder continuity, with order y < H;, — < on the interval [0,7]. So by
Lemmas 2.1 and 2.2 in [16], for any T' > 0, with probability 1,
dimHGrfTua,H(. X)) <2 -H, + % and dimpGrfrua,H(. X)) <2 -H, + %

Now, in order to get the lower bound, by (57) and by the Frostman’s Theorem (see e.g.
[5]), we only need to show that for any 7 > 0, the occupation measure v of ¢t — (¢,u,u(t,x)),
when ¢ is restricted to the interval [0; 77, has with probability 1, a finite y —dimensional energy,
for any y € (1, 2—H;) + %) More precisely, for any Borel set 4 = R?, v(4) is defined as
the integral
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T
v(4) = IO L auantopeaydty (58)

where, for every set VV < R?, 1 denotes the characteristic function of the set V. Then we need
to prove that with probability 1, the integral

| | x—y |7 vdov(dy), (59)
G’fT“a,H(-rx) G’fT“a,H(-rx)

isTfinTite. This is easily seen by a monotone class argument, to be equivalent to

j j (| s—t | + | ttan(s,%) — tan(t,x) |)7dsdt < +o. (60)
0Y0

InTor;jer to obtain (60), it suffices to show that

[ ] B s=2 1+ 1 ttan(s,0) = wan(ex) 1)7) dsde < +o0, (61)
0“0

Since the process u,u(.,x) is centered Gaussian, we easily check that for all
(s,t) € R?,s # tand for every real y > 1, we have
B((| s—t | + | tan(s,x) —uan(tx) )7) < Cu | t=s |¥7 ouhs(s,0), (62)
where
GE,H,x(S!t) = E(MCLH(ZLIX) - ua,H(Slx))Z )
and C11 is a positive constant.
Now, by (62) and by proposition 4.1, we arrive at

JZIZE(” s—t | + | wan(s,x) —uqnu(t,x) |)7 )dsdt

IA

T T
Cnf j | =5 |17 ogi.(s, Ddsdt
070

IA

T T 144 g
Cis j j | t—s | YT dsds
0Y0

where Ci, is a positive constant. And since y € (1, 2— H;, + %), the last double integral is
finite. Here the proof completes. |

In the following last lemma, we will give the Hausdorff and Packing dimensions of the set

uq.n([0,T],x).

Lemma 4.5. Suppose that conditions (5) and (6) are satisfied. For any T > 0, with probability
1;
dimpu,p([0,T],x) =1 and dimpu,u([0,T],x) = 1.

Proof. By Lemmas 2.1 and 2.2 in [16], we clearly have
dimpu,p([0,7T),x) <1 and dimpu,([0,7],x) <1 a.s.
So, by (57), we only need to prove that
1 <dimpyu,u([0,T],x) a.s.
Next we note that for € € (0, 7),
dimu, ([0, T],x) > dimu, (€, T],x),
and that for any standard normal variable Xand 0 < y < 1, we have
E(] X |7) <o (63)
Hence by Frostman’s theorem (see e.g. [5]), it is sufficient to show that forall 0 < y < 1,
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T T
E, :I I E(| wan(s,x) —uau(t,x) |~V )dsdt < +o. (64)
By prop})siz'gion 4.1 and (64), there exists a positive and finite constant C13 such that
Ey<Caf [ s—1 70D dsar. (65)
Since 0 < y(H;, — %) < 1, the second member of the inequality (65) is finite, which leads to
the required result. |
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