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Abstract. We propose a variant of the conjugate gradient method for solving large-scale
systems of symmetric nonlinear equations, in which the spectral secant condition and
conjugate gradient ideas are combined. Using an approximate norm descent, we show that the
proposed method has global convergence properties. Under appropriate conditions, numerical
results for benchmark test functions, demonstrate an improved efficiency of this method over
other existing alternatives.
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1. Introduction

Consider the following nonlinear system of equations:
F(x) = 0, (D

where F: R” - R” is a nonlinear, continuous mapping and is assumed to satisfy the
assumptions that follow.

Assumption 1.

(A1) There exists x* € R” such that F(x*) = 0.
(A2) F is a continuously differentiable mapping.
(43) The Jacobian is symmetric.
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The renowned method for finding the solution to (1) is the Newton’s method. The method
is simple to implement, and generates an iterative sequences {x;} from a given initial guess x,
in a neighborhood of x* via
Xjr1 =xk—<F/(xk)> 1F(xk), (2)
where k = 0,1,2,... and F'(x;) is the Jacobian matrix.

A quasi-Newton’s method is another variant of Newton-type methods that replaces the
Jacobian or its inverse, with an approximation which can be updated at each iteration [12]. Its
updating scheme is given by
Xpuy = X — B Flxp), 3)
where By 1s the approximation of the Jacobian at x; and it is updated at each iteration. There
are many types of quasi-Newton methods, but the most efficient and successful ones are
Broyden, Fletcher, Goldfarb and Shanno methods, denoted as BFGS [13], where the BFGS
update is defined as:

T T
By = By~ ik Sh Ik @

S B sk Vi Sk
with sx = x50 —xp and yr = F(xre1) — F(xx).

The rationale behind quasi-Newton methods is to do with the evaluation cost of the
Jacobian matrix [12, 8]. Steepest descent is also among the earliest methods for solving
nonlinear systems of equations, but is rarely used due to its slow convergence rate.
Understanding the convergence properties of this method can, nevertheless, lead to a better
understanding of many more sophisticated optimization methods [3, 6, 10].

Based on this fact, the well-known conjugate gradient method is a promising development
for large-scale unconstrained optimization problems due to its simplicity and low storage
requirement [1, 5]. The nonlinear conjugate gradient method came into existence in 1964, by
Fletcher and Reeves [1]. Since then the work on conjugate gradients became quite noticed in
the literature. Recently, the conjugate gradient metod has been extended to solve large-scale
nonlinear systems of equations [12].

Furthermore, also in recent years, much effort has been placed on developing and
constructing a new and simple formula for the conjugate gradient parameters to make the
method easier to apply to various other fields, with good numerical performance and global
convergence properties. Considerations like this, have led to the so-called Hybrid methods,
which as the name suggests, are based on two different methods. One of which has good
performance at the initial stage, like the gradient methods, and the other has good performance
at the final stage, like Newton’s methods [13].

The most frequently used line search in practice is the inexact line search [5, 6, 8], which is
chosen in such a way that the function values along the ray x; + ax dk, ar > 0 decreases, i.e.,
1F Gy + agd)l < 1G] (5)

Most of the approaches to solving systems of nonlinear equations are single direction
methods. One of the advantages, however, of the double direction method over single direction
is the presence of two direction vectors which work jointly as a correction factor towards
boosting the convergence of the system. The presence of the two direction vectors help the
system immensely in such a way that if one of the directions fails, the other direction will
correct the system automatically [3]. Whereas in a single direction scheme, if the direction fails
the whole process fails. To improve the effectiveness of the algorithm for solving such systems
of nonlinear equations, Halilu & Waziri, [7], presented a double direction iterative scheme
given by
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Xer1 :xk+akck+a]2c dk’ (6)
where xj.; represents a new iterative point, x; is the previous iterative point, ay is the step
length, while ¢, and d are the search directions respectively.

Furthermore (1) can emerge either from an unconstrained optimization problem, a saddle
point problem, or from an equality constrained problem [8]. Let f be a norm function defined

by

S = ZIF@))2. (7

where f: R” - R. The nonlinear equations (1) is equivalent to the following global

optimization problem

min f(x), x € R™. (8)
Our paper is organized as follows. In the next section, we present the proposed method.

The convergence results are presented in section 3, while some numerical results are presented

in section 4. Finally, a conclusion is provided in section 5.

2. Derivation of the Method

In this section, we introduce the two direction vectors in (6). In order to incorporate more
information of the iterates at each iteration and to guarantee rapid convergence towards the
solution, we suggest the first direction ¢y, to be defined as
Ck = —F(xk), (9)
while the second direction d is to be derived by combining the direction presented in [14] with
the classical Newton’s direction. It should be noted that the direction presented in [14] is
defined as

—F(xy), if k = 0,

g (10)
T —Fap + PR — vy ik 1,
where yi = F(xg1) — F(xx),
ﬂPsz FT(xpe)yy (11)
k IFeeol?
and
FT(xt41) dist
. (12)
T FGIP
However, the Newton’s direction, dy, is given by
d = —J N p)F(xp), (13)
where J(x;) is the Jacobian matrix.
Combining (10) and (13), we have
—J N p)F(xy) = =F(xp) + B dy_y — v vy - (14)
Then multiplying both sides of (14) by J(x) leads to
—F(xp) = ~Jep)Fxp) + B Jxp) dj_y —vi Jp) vy - (15)
From the spectral secant condition used in [9], we have
J()Ck) S = Qkyk, (16)

where, s = X1 — Xk =J '(x1)0k vk , and  yr = F(xs1) — F(xx), which after transposition
becomes
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SEI () = O vy (17)
It is vital to note that, for this work, we claim that the Jacobian matrix is symmetric,Vk. So
we accordingly have

st JOeg) = O i (18)
Pre-multiplication of both sides of (15) by s/ and substitution of (18) in the result leads to:
—SPF(c) = =O0p yi FOcp) + 04 i B dj_y = Op Vi Vi Vi (19)

After a slight simplification in (19), our CG parameter(f5;) becomes
_ Okyi =S Fler) + O vie || il

P 0oy ds ; (20)
where
b, — SESy

s1€ Vi’

see [12]. Having derived, in (20), the new CG parameter f; we present our direction using the

frame of the conjugate gradient method in the form

a - F(xy), itk =0, | 1)

—F(xp) +Brdp_y = vy, ifk=>1,

where f i1s defined in (20). Further substitution of (9) and (21) into the iterative procedure

given by (6), builds our scheme viz

XJer1 =xk+akck+a]2€dk. (22)
By this (22), the first direction is with a descent nature, but the second direction may not be

of descent nature, as such. An approximate norm descent line search described in [8], is used to

compute the step length a; via : let w,w,,” € (0,1) be constants, and let 7, be a given

positive sequence such that

o0

> oy <n <o 23)
k=0

and
forg = agFeg) + o) =) <~ | agFGp) 12 —wp || akdk |+ fixg). (24)
Furthermore, let i; be the smallest nonnegative integer i such that (24) holds for a = !, and
oy = rtk .

Now we present the algorithm of the proposed method as follows.

Algorithm 1. (MCGD)

STEP 1: Given xg,€ = 1074,dy = —F(x), setk = 0.
STEP 2: Compute F(xy).

STEP 3: If | F(xx) || < €, then stop.

STEP 4: Compute step length oy (by (24)).

STEP 5: Set X411 = x — ax F(xx) + o dy.

STEP 6: Compute F(xj1).

STEP 7: Compute S (using (20)).

STEP 8: Update dj.1(using (21)).

STEP 9: Set k = k+ 1, and go to STEP 3.
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3. Convergence Analysis

Our interest here is in the global convergence of our proposed method (MCGD). To begin
with, let Q be the level set defined by:
Q={xeR"| | F) | < Jel || Fxo) I}, (25)
where # is a positive constant such that (23) is satisfied. Here, we can easily see that the level

set Q is bounded. In order to analyze the global convergence of the MCGD algorithm, we need
the following assumption.

Assumption 2.
In some neighborhood N of  the nonlinear function £ is Lipschitz continuous i.e., there
exists a positive constant L > 0, such that

| FO)-FO) <L [l x=y I, Vx,yeN. (26)
From the level set, there exists a positive constant M, > 0, such that
| F(x) || < M;,Vx € Q. (27)

Lemma 3.1. Let {x,}be a sequence generated by the MCGD algorithm. Then {x,; < Q.

Proof. From (24) we have VY,
o) < (L+ng) fxg)
k

< fxo) [ [ +m0)

i=0

Thus we have,

| FOogep) 1< e || Flxo) |l (28)
Then we can see that from (28) that {x,} < Q. |

Lemma 3.2. Suppose that the assumption 2 holds and xj is generated by the MCGD
algorithm, then we have

lim || ay dy |? =0, (29)
k—»OO
and
lim || aj F(xp) |I> = 0. (30)
k—)OO

Proof. From (24) and for all £ > 0,
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oy | axdi 1* < | FO) 117 =l Fxra) 17 =1 || o FGe) 112+ e || Flxr) |12
<UL FCe) 12 =l Flog) 112+ | Fleg) 112 (31)
Then by summing the above inequality, we have,
k k k
o2 3 lapd; 17 = 3 (1 FGp) 12 = Fe, ) 12 )+ 20 g L ) 12
i=0 i=0 i=0

k
= (1 FGo) 17 -1 Foxg ) 12 )+ 2 g 1P 112

1=0
k
< | Fao) 12 +M7 Y
i=0
o0
< | Foe) 12 +M7 Y ;0 (32)
i=0

Hence, from (27) and by the fact that {5} satisfies (23), the series Z | a: d; ||> is
i=0
convergent. This implies (29). By a similar argument, with @, || ax F(xx) ||> at the left hand

side,we can show that (30) holds. |
Lemma 3.3. Let the level set L be bounded and {x,} be generated by the algorithm 1, then we
have

o0

D olsyll<oo. (33)
k=1

Proof. The inequality (24) can easily be rewritten as, we have,
ISk I+ 11 Flegp) 112
S| FGp) 17 —oy I agdy 17 =0 || agFGeg) 1| +ny | Fep) 12 + 11 Sk |l

< | FOeg) 12 =l FCego) 12 + g Il FOc) 12+ . (34)
Then by summing the above inequality, we have,
k k k k
S nsils D5 (1 R 12 = A ) 17 )+ 0 s I+ 2w I Feep) 112
i=0 i=0 i=0 i=0

k k
= (1 FGo) 17 =0 Fa ) 12 )+ 0 si I+ 30 g 1 F) 12

i=0 i=0
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k k k
S| Feo) 12 + D ard; |+, 1 agFGep) I+ D my | FGep) 112

i=0 i=0 i=0
o0 o0 ) o0

<| Fo) 12 + D5 llad; |+ | aFGep) | +M D ;. (35)
i=0 1=0 i=0

k
Hence by (27), (29), (30) and (23), Z || S: || is convergent and hence the proof completes.ll

i=0

Lemma 3.4. Suppose that assumption 2 holds, and let {xi}; be generated by the MCGD
algorithm. If there is a constant € > 0 such that for all k,

| Flxg) I = €, (36)
then there exists a constant M > 0 such that for all k,
| dg Il < M. (37)
Proof. By (26), (29) and (30), we can write
I v =1 FOepp) —Fp) | <Ll xppq —xp =L | ai dj—opFCxp) |l
< LIl afdy || + | agF@x) 1) ~ 0. (38)
Furthermore,
I O =S FGp) =11y =Sg I Faep) I < Myl yg I+ 1Sk 1D, (39)

which is bounded by (33) and (27). Hence

1y = Skl IFCe) |+ Vil lvill >
|ﬁk| D/Tdk_]| ( )
This implies that there exists a constant p € (0, 1) such that for sufficiently large &,
Bl < p- (41)
Now using
I di 1< FOep) |+ 18I di—y I = lll v s (42)
and setting
_ M,
M; = mwf{ll dy L1 da el digy s ?} (43)
0
we can deduce that for all £, (37) holds, i.e.,|| di | is uniformly bounded. H

Now we are going to establish the following global convergence theorem to show that
under some suitable conditions, there exists an accumulation point of {x;} which is the
solution of (2).

Theorem 3.1. Suppose that assumption 2 holds, and {xi} is generated by the MCGD
algorithm. Assume further that for all k > 0,
S . [F" () di

> ; (44)
lldi]l?

%k
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where c is some positive constant, then
lim || F(x) || = 0. (45)

k—o0

Proof. By lemma 3.4, relation (37) should hold. Therefore by (29) and the boundedness
of {||dk||}, we have

lim oy || dy |I> = 0. (46)
k—)OO
Then by (44) and (46), we obtain

lim |F7 dj| = 0. (47)
k—o0

On the other hand, from (21), it follows that
FT(xe) die = = || Fxo) 1?2 +Bi FT(xi) dyy = FT (i) vie yi_i

which can be written as

I Fleg) | < IFTGepddgl + 1Bl Fag) M dpy 1T+ 11 FGeg) v I vge 1 (48)
So that by Equation (27), (37), (41), and by taking the limit of the above inequality, we have
lim || F(xp) ll=0, (49)
k—»OO

which is the required result. And hence the proof completes. |

4. Numerical Results

The performance of the proposed MCGD method for solving nonlinear equations (1) is
compared in this section, with a double direction conjugate gradient method for solving
large-scale system of nonlinear equations (DDLS) of [2].

For both methods we set the following parameters:
®, =, =10, r=0.3and 5 = 1/(k+1)3.

The employed computational codes were written by Matlab (R2013a) and run on a
personal computer 2.10 GHZ CPU processor and 2.00 GB RAM memory. We stop the
iterations if the total number of iterations exceeds 1000 or || F(x;) || < 107*. Ten test problems
from different sources, with dimension between 100 to 10,000, have been considered , with
different initial points, which are not restricted to a point that is too close to the solution.

Problem [6] 1:

(2 - A

-1 2 -1

Fx) = R X+ —1,...ef =17 xo = (0.5,0.5,0.5,....0.5)T.
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Problem [6] 2:

(2 - A

0 2 -1

F(x) = ; x+ (sinx, — 1,...,sinx, — 1)T.

\ J

Problem [11] 3:
F,-(x) = )Cl2 -1,
i=1,23,...,n,
xo = (=0.001,-0.001,-0.001,...,—0.001)7.

Problem [11] 4:

Fi(x) = x? +x;, -2,
i=1,2,3,...,n,

xo0 = (-0.5,-0.5,-0.5,...,-0.5)7

Problem [11] 5:

2
Fi(x) = x; — 1/n2<2x[> + <Zx[> —n,
i=1 i=1

i=1,2,3,....n,
x0=(55,5,...,57"

Problem [11] 6:

Fi(x) = (fo + i)(xi —-D+eti—1,
=1

i=1,2,3,...,n,
xo = (0.3,0.3,0.3,...,0.3)7.

N

Problem [11] 7:
Fi(x) = 3x} + 2x2 — 5 + sin(x; — x2) sin(x + x2),

xo = (0.5,0.5,0.5,...

Fi(x) = —x;_, eNi—mXi) 4y (44 3x2) + 2x;, +sin(x; —x; ;) sin(x; +x;,,) — 8,

F,(x) =—x,_, eWn—17%n) 4 45, -3,
i=2,3,4,....n—1,
xo0 = (0,0,0,...,0)7.

Problem [11] 8:

Fi(x) = x? —cos(x; — 1),
i=1,2,3...,n,

xo = (2,2,2..,2)7.

40

,0.5)



41 H. ABDULLAHI, A. S. HALILU and M. Y. WAZIRI

Problem [11] 9:

Fi(x) = 3x} +2x2 — 5 + sin(x] — x2) sin(x + x2),

Fi(x) = —x,_; e%i=7%D 4 x,(4 + 3x%) + 2x,,, +sin(x; —x; ) sin(x; +x;,;) — 8,
Fo(x) = —x, , e¥n-1%n) 4 4x, 3

i=234,....n—-1,

xo=(L11,....D7.

Problem [11] 10:

Fi(x) = 5x% = 2x; - 3,

i=1,2,3,...,n,

xo = (=0.01,-0.01,-0.01,...,-0.01)".

The numerical results for the two methods, mentioned earliear, are reported in Table 1,
where ”NI” and “Time” stand for the total number of all iterations and the CPU time in
seconds, respectively. | F(xx) || is the norm of the residual at the stopping point. We claim
that the method fails, and use the symbol -”, when the number of iterations is greater than or
equal to 1 x 103, but no x; satisfying | F(xx) || < 10~ 4 is reached.

Table 1: Numerical results for the MCGD and DDLS methods for problems 1 to 10.

MCGD DDLS
Problems | Dim NI Time [FGep)ll | NI CPU [ ECep)
10 22 0.175664 | 6.56E-05 | 24 | 0.186838 | 9.51E-05
1 1000 24 0.943085 | 7.43E-05 | 25 | 0.983593 | 6.20E-05
5000 26 11.92271 | 6.14E-05 26 | 12.35829 | 7.89E-05
10 13 0.106446 | 6.71E-05 | 23 | 0.191258 | 9.17E-05
2 1000 13 0.677609 | 5.33E-05| 38 | 1.503056 | 8.03E-05
5000 12 7.389241 | 6.78E-05 | 39 | 22.77284 | 8.96E-05
10 10 0.070472 | 5.78E-05 | 14 | 0.004965 | 9.52E-05
3 1000 11 0.007959 | 4.02E-05 16 | 0.010032 | 5.56E-05
10000 12 0.063938 | 2.80E-05 | 17 | 0.079654 | 7.55E-05
10 7 0.00375 | 8.17E-05| 10 | 0.001772 | 1.31E-05
4 1000 8 0.007194 | 4.39E-05 | 10 | 0.009093 | 4.15E-05
10000 9 0.065825 | 2.36E-05 | 12 0.10169 | 1.58E-06
10 6 0.034072 | 9.50E-06 | 7 0.005677 | 5.35E-07
5 1000 6 0.010845 | 3.00E-05 0.014299 | 1.69E-06
10000 6 0.115347 | 9.50E-05 0.121814 | 5.35E-06
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MCGD DDLS
Problems | Dim NI Time [FGep)ll | NI CPU [ FCep)
100 12 0.0329 |3.18E-05| _ _
6 1000 13 0.014714 | 2.21E-05| B _
10000 13 0.140491 | 7.00E-05 | _ B
100 17 0.074017 | 8.43E-05 | 27 | 0.045427 | 8.68E-05
7 1000 20 0.109742 | 5.95E-05| 34 | 0.136662 | 8.06E-05
10000 19 0.607895 | 9.57E-05 | 31 | 0.958193 | 6.53E-05
100 10 0.005207 | 2.63E-05 11 | 0.005033 | 8.48E-05
8 1000 10 0.011801 | 8.33E-05 13 | 0.012242 | 4.97E-05
10000 11 0.092168 | 5.79E-05 | 14 | 0.107806 | 6.76E-05
10 22 0.009851 | 7.81E-05 | 23 | 0.008073 | 7.65E-05
9 1000 24 0.020505 | 9.19E-05 | 25 | 0.022873 | 9.00E-05
10000 | 27 0.169706 | 6.59E-05 | 28 | 0.159173 | 6.46E-05
10 9 0.004911 | 3.43E-05 10 | 0.005519 | 4.76E-05
10 1000 10 0.010817 | 2.34E-05 | 11 | 0.012221 | 2.01E-05
10000 10 0.093376 | 7.39E-05 | 11 | 0.087952 | 6.37E-05

42

From Table 1, we can easily observe that both of these methods attempt to solve the
considered systems of nonlinear equations and a better efficiency and effectiveness of our
proposed algorithm is clear since it works where the DDLS fails. This is quite evident, for
instance, in problem 6. In general, the MCGD method considerably outperforms the DDLS for
almost all the tested problems, as it has the least number of iterations and CPU time.

1

0.8

0.6

piT)

04

02

g

e MCGD
—d—DDLS

4
T

Figure 1: Performance profile of the MCGD and DDLS methods, in relation to the number of

iterations NI, for the problems 1-10.
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Figures (1-2) exhibit the comparative performance of our method in relation to the number
of iterations and CPU time, which were evaluated using the profiles of Dolan and Mor’e, [4].
That is, for each method, we plot the fraction P(t ) of the problems for which the method is
within a factor t of the best time. The top curve is the method that solved most problems in a
time that was within a factor t of the best time.

I1 1 1 R 1 1 H‘
- 4
0.8 .
0.8 .
-
il
0.4 .
—— MCGD
0.2 —4&— DDOLS -
u Il
a 2 4 i a3
T

Figure 2: Performance profile of the MCGD and DDLS methods, in relation to the CPU time
(in sec), for the problems 1-10.

5. Conclusion

In this paper we present a novel double direction iterative scheme MCGD for solving
large-scale systems of symmetric nonlinear equations and compare its numerical performance
with that of a double direction conjugate gradient method DDLS, [2], for solving these
quations. It is quite obvious, from the numerical results the MCGD algorithm is robust in
solving large-scale systems of nonlinear equations. In addition, we have proved the global
convergence of the MCGD method by using the approximate norm descent line search
proposed in [8]. The reported numerical results of the test experiments demonstrate the
efficiency and good performance of this new method.
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